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Shape memory alloys are being explored increasingly for developing smart structures and devices in aerospace, auto-
motive and other application areas. The material behavior is highly nonlinear with coupled thermomechanical response
involving temperature and/or stress induced phase transformations. Modeling the constitutive behavior of these materials
poses several challenges and a few phenomenological models exist that provide a quick and reasonable approach to assess
their behavior. Due to phenomenological approach, several assumptions are made in order to simplify the model and some
of them introduce inconsistencies or anomalies into the model. In this paper, a frequently used approach, namely, Brinson
[Brinson, L.C., 1993. One dimensional constitutive behavior of shape memory alloys: thermomechanical derivation with
non-constant material functions and redeﬁned martensite internal variable. J. Intell. Mater. Syst. Struct. 4(2), 229–242.]
model, is investigated. The constitutive equation is usually expressed at the outset in the diﬀerential form and the integrat-
ed form of the same is obtained. It is shown that the two forms of equations are not consistent in the Brinson [Brinson,
L.C., 1993. One dimensional constitutive behavior of shape memory alloys: thermomechanical derivation with non-con-
stant material functions and redeﬁned martensite internal variable. J. Intell. Mater. Syst. Struct. 4(2), 229–242.] model,
given the assumed form of material functions. In the present work, the nature and implications of the inconsistency are
highlighted. The cause of incompatibility is the inconsistent material deﬁnitions. A modiﬁed consistent constitutive model
is proposed by redeﬁning the material function which satisﬁes the compatibility condition. The advantages in using the
proposed modiﬁed model are highlighted with numerical case studies involving hysteretic stress–strain behavior.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Shape memory alloys (SMAs) are metallic alloys, which exhibit two interesting characteristic behaviors,
viz., shape memory eﬀect (SME) and superelastic eﬀect (SE) or pseudoelastic eﬀect (PE). Because of this, they0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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led to their increasing use in several mechanical, structural and bio-medical applications. The main attribute
for the SMA behavior is the occurrence of reversible diﬀusionless solid–solid phase transformation, which can
be brought about by either a temperature change or by application of stress. When a SMA undergoes Mar-
tensitic phase (M) transformation, it transforms from its parent, high-symmetric, usually cubic, Austenitic
phase (A) to a low-symmetric martensitic phase. In SMAs, this transformation can be brought about by much
lower temperature change compared to conventional phase transformations like solidiﬁcation that typically
require large temperature change. The phase change is usually accompanied by a signiﬁcant change in
mechanical, electrical and thermal properties that renders them as prime candidates for development of smart
structures and devices. Typical examples of shape memory alloys are Nitinol (binary alloy of Nickel and Tita-
nium), NiTiCu, CuAlZn and CuAlNi. Extensive literature exists that describes the SMA behavior (Duerig
et al., 1990; Birman, 1997; Shaw and Kyriakides, 1995; Bernardini and Pence, 2002; Devonshire, 1954; Muller
and Seelecke, 2001; Friend, 2001; Graesser and Cozzarelli, 1991; Zhang and McCormick, 2000a). The SME
and SE are schematically illustrated in Figs. 1–5 to facilitate the current discussion. The complex thermome-
chanical behavior is explained using the stress–strain–temperature diagrams. The stress–temperature phase
diagram is usually used to determine the transformation conditions.
In this paper, the emphasis is on the 1-D phenomenological models with martensitic fraction as the internal
variable. In Section 2 an overview of the frequently used phenomenological models is provided with a brief
description of the Brinson (1993) model. Section 3 provides the thermodynamic formulation of the Brinson’s
model to facilitate the discussion on the nature and the cause of the inconsistency in the model. This incon-
sistency is usually referred to as incompatibility in the context of continuum mechanics. The incompatibility in
the model and also the reason for its presence is discussed in Section 4. Some numerical case studies are pre-
sented to illustrate the consequences in using the inconsistent diﬀerential form of the constitutive equation. In
Section 5 the transformation tensor is redeﬁned to correct the incompatibility in the Brinson’s form of con-
stitutive model. With illustrative examples, the eﬃcacy of the proposed model is demonstrated in Section 6.
The diﬀerential form of constitutive law comes as a natural choice when tracing the behavior along a given
load path. Also, this form is suitable for tracking the hysteretic behavior. So the present modiﬁcation provides
a valid diﬀerential equation. The diﬀerential form is natural choice to further extend the model for studying
rate eﬀect and other phenomena. Further, the integrated form derived here is shown to be identical to the inte-
grated form given by Brinson (1993).Fig. 1. Schematic of characteristic behavior in SMAs.
σ
s
cr
σf
cr
Mf As AfMs
σ
T
Fig. 2. Phase diagram: thermomechanical loading for SME.
 
 
 
 
σ
ε
T
Detwinning
Heating Recovery
Cooling
Fig. 3. r––T plot depicting SME.
σ
T
Mf Ms As Af
Fig. 4. Phase diagram: mechanical loading for SE.
V.R. Buravalla, A. Khandelwal / International Journal of Solids and Structures 44 (2007) 4369–4381 43712. Review of existing phenomenological models
Macroscopic modeling approaches involve the following two important aspects viz:
• Constitutive relation between stress, strain and temperature.
• The driving force and evolution of phase transformation.
Some models take a thermodynamically consistent approach wherein using the concept of free energy both
the constitutive relations and evolution kinetics are derived. However, to arrive at simpler models an indepen-
dent assumption in the nature of evolution kinetics is made based on empirical data. This approach leads to
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Fig. 5. r– plot depicting SE.
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follows:
(1) Thermodynamic and free energy based models
(2) Phenomenological models
In general, thermodynamics based models use some form of free energy (Gibbs, Helmholtz, Landau, etc.,)
composed of two parts, viz., temperature dependent chemical part dealing with the entropies of volume frac-
tion of the individual phases and the mechanical part dealing with the stress/strain ﬁeld due to external loading
and the interaction between the various phases. The interaction is due to the strains associated with the phase
transformations and can be determined, say, using Eshelby’s inclusion method. Thus, using this approach evo-
lution of phase boundaries can be determined. The driving force for the transformation is equated to dissipa-
tive terms from interfacial energy and internal friction. Some of the existing thermodynamic and free energy
based models are Boyd and Lagoudas (1994, 1996a,b); Lagoudas et al. (1994); Auricchio and Petrini (2004);
Rajagopal and Srinivasa (1999); Reynolds (2003); Zhang and McCormick (2000b); Shaw and Kyriakides
(2002) and Chenchiah and Siva (1999).
Phenomenological models separate out the two aspects of modeling mentioned above. The phase evolution
and transformation conditions are incorporated using empirically determined phase diagram. Subsequently, a
constitutive relationship that uses the phase fraction derived out of the explicit evolution kinetic is used to
describe the thermomechanical behavior. This leads to simpliﬁed models facilitating their use as design
tools. Since the current study focuses on phenomenological models, some of these models are brieﬂy discussed
here. In this context, a brief summary of some of the macroscopic phenomenological model is provided in
Table 1.Table 1
Overview of some of the macroscopic phenomenological models
Model Model for elastic
modulus
Evolution
kinetics
Inner/partial
loop model
Heat and energy
ﬂow equation
Twin/detwin
distinction
Tanaka (1986) E = EA = EM Exponential No Not considered No
Liang and Rogers (1990) E = EA = EM Cosine Function Compression
model
Not considered No
Brinson (1993) Voigt Cosine Function Compression
model
Not considered Yes
Ivshin and Pence (1994) Reuss General Function
tanh1
Compression Combined No
Boyd and Lagoudas (1994) Voigt Exponential No Not considered No
Wu and Pence (1998) Reuss General Function
tanh1
Compression Combined Yes
Ikeda et al. (2004) Reuss Polynomial Function Preisach model Combined Yes
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fraction (n) as an internal variable. Analogous to the exponential Koistinen–Marbuger relation, an evolution
law is deduced in terms of stress and temperature. Further, using strain and temperature as the control vari-
ables, a constitutive relation was derived for constant material functions. This model was further adapted by
Liang and Rogers (1990) and Brinson (1993). To obtain a better ﬁt to the experimental data, Liang and Rog-
ers (1990) modiﬁed the phase kinetic to a cosine based function. Both Tanaka (1986) and Liang and Rogers
(1990) were successful to capture the superelastic behavior. Based on the broad framework of Tanaka (1986)
and Liang and Rogers (1990); Brinson (1993) proposed a modiﬁed model to also account for the shape mem-
ory eﬀect. The essential diﬀerence in Brinson (1993) model is splitting the martensitic phase fraction into two
parts, viz., temperature induced twinned fraction (nT) and stress induced detwinned fraction (nS). This diﬀer-
entiation of the phase fractions is necessary to capture recovery stress/strain. To describe the constitutive
behavior, Brinson (1993) derived the constitutive model with Voigt type non-constant material functions.
Prahlad and Chopra (2001) provide a comparative evaluation of these models. It may be mentioned that
the Brinson’s model has been used extensively in the literature to model SMA material and devices (Brinson
and Lammering, 1993; Prahlad and Chopra, 2001; Elahinia and Ahmadian, 2004). This model is further used
by Prahlad and Chopra (2001) as a basis to include the rate eﬀects wherein the control variables are not quasi-
static. While Wu and Pence (1998) have proposed a similar diﬀerentiation of phase fractions (M+ and M) to
describe shape memory behavior, the present work focuses on the Brinson’s constitutive model to highlight the
inconsistency in it.
3. Constitutive law based on thermodynamics
In the context of one-dimensional constitutive modeling, the principle of mechanical energy balance and
Clausius–Duhem inequality (entropy production equation) is simpliﬁed and in the current conﬁguration,
can be stated as:q _U  r^Lþ oqsur
ox
 qq ¼ 0; q _S  q q
T
þ o
ox
qsur
T
 
P 0 ð1Þwhere U, r^, L, q, and qsur represents the internal energy density, the Cauchy stress tensor, the rate of defor-
mation tensor, the heat production term and the heat ﬂux, respectively, and S, T, x and q represent the entro-
py density, temperature, the material coordinate and the density in current conﬁguration, respectively. Based
upon the reasoning given by Tanaka (1986), it is further assumed that the thermomechanical behavior is com-
pletely described by the set of variables (,n,T) where  is the Green strain and n is martensitic fraction, vary-
ing from zero (complete austenite) to one (complete martensite). The evolution kinetics in this model is a
cosine function of stress and temperature (Brinson, 1993). Using the deﬁnition of Helmholtz’s free energy
U = U  TS, Eq. (1), in the reference conﬁguration, takes the following form:r
qo
 oU
o
 
_ S þ oU
oT
 
_T  oU
on
_n 1
qoT
qsur cof F
T oT
oX
P 0 ð2Þwhere r is the second Piola–Kirchoﬀ stress tensor, cof F is the cofactor of the deformation gradient tensor F,
and qo the density and X is the material coordinate in the reference conﬁguration.
A necessary condition for Eq. (2) to hold for any arbitrary _, _T is:r ¼ qo
oUð; n; T Þ
o
¼ rð; n; T Þ ð3Þ
S ¼  oU
oT
ð4ÞFrom ﬁrst principles, Eq. (3) can be rewritten as followsdr ¼ or
o
dþ or
on
dnþ or
oT
dT ð5ÞWithout any loss of generality, this equation takes the form:
Table
Mater
Modu
Da = 6
Dm =
h = 0.5
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where the characteristic material functions are, in general, deﬁned as follows.Dð; n; T Þ ¼ qo
o2U
o2
; Xð; n; T Þ ¼ qo
o2U
oon
; Hð; n; T Þ ¼ qo
o2U
ooT
ð7ÞBrinson (1993) considers that only the stress induced martensite (nS) contributes to the recovery stress and
hence deﬁnes the transformation tensor X to obtain the recovery stress. The diﬀerential form of the constitu-
tive equation is as followsdr ¼ DðnÞdþ XðnÞdnS þHdT ð8Þ
where D and X are redeﬁned as:D ¼ Da þ nðDm  DaÞ and X ¼ lD ð9Þ
where l is the maximum residual strain, a material property obtained experimentally. One can obtain a sim-
pliﬁed form of constitutive equation by integration. On integration of Eq. (8) and imposition of appropriate
initial conditions, the following constitutive equation is obtained:r r0 ¼ DðnÞ Dðn0Þ0 þ XðnÞnS  Xðn0ÞnS0 þ hðT  T 0Þ ð10Þ4. Incompatibility in the Brinson’s model
The compatibility condition on the second Piola–Kirchoﬀ stress, r is:o2r
ono
¼ o
2r
oon
ð11ÞUsing Eqs. (5) and (6), the compatibility condition may be written as:oD
on
¼ oX
o
8n 2 ð0; 1Þ ð12ÞIt may be noted that from the deﬁnition of D there is a discontinuity in its gradient w.r.t n at n = 0 and n = 1.
From Eq. (9), it is clear thatoD
on
¼ ðDm  DaÞ
 
6¼ oX
o
¼ 0
 
ð13ÞTherefore, the compatibility condition is violated.
In order to highlight the eﬀect of this incompatibility, stress–strain behavior of a typical SMA (Table 2 and
Fig. 6) is investigated using both the integrated and the diﬀerential form of the constitutive equations. It may
be noted that the results from the diﬀerential form are sensitive to the stepsize. From a convergence study
(Table 3) a stepsize, Dr = 0.01 MPa is found to be adequate. Hence this is used in all numerical simulations.
The case studies on superelastic behavior at temperatures both below and above Af (Figs. 7 and 8) reveal that
the predictions from the two forms of the constitutive equations are not identical.
Figs. 7 and 8 show a mismatch in the total strain at the end of transformation, both forward and reverse.
Especially, the negative strain at the end of unloading path for T > Af is invalid. Also, at zero strain during the2
ial properties of NiTi (Brinson, 1993)
li Transformation temperatures (C) Transformation constants Maximum residual strain
7 · 103 MPa Mf = 9 CM = 8 MPa/C l = 0.067
26.3 · 103MPa Ms = 18.4 CA = 13.8 MPa/C
5 MPa/C As = 34.5 rcrs ¼ 100 MPa
Af = 49 rcrf ¼ 170 MPa
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Fig. 6. A typical phase diagram (Brinson, 1993).
Table 3
Convergence study on stepsize
Dr (MPa) Dn D
50 0.9580 0.07846
10 0.8535 0.06958
1 0.7698 0.06279
0.1 0.761230 0.06211
0.01 0.761229 0.06211
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Fig. 7. Stress–strain behavior at T > Af.
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Fig. 8. Stress–strain behavior at Ms < T < As.
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out an important aspect which is discussed below.
The total strain can be decomposed as follows:  = 1 + 2 + 3
where,
• 1 is the strain due to the change in elastic modulus during transformation.
• 2 is the strain due to the change in stress at constant modulus.
• 3 is the transformation strain.
Since 3 is same in both the forms of equations, the source of discrepancy can only be due to the elastic
components. In order to further investigate this, a special case, where the elastic modulus is invariant during
transformation, is studied by setting Dm = Da. Figs. 9 and 10 illustrate the results from the two forms of con-
stitutive equations. Evidently, in this case 1 = 0, and there is a perfect match between the two forms strength-
ening the hypothesis that the diﬀerential form of the Brinson’s constitutive equation is unable capture the
elastic strain accurately. A condition wherein the phase fraction and hence the modulus remains constant is
also investigated to further substantiate this hypothesis. This can be simulated as a completely twinned mar-
tensite is loaded till complete detwinning and unloaded, i.e. no = nT = 1 to n = nS = 1. Fig. 11 shows a com-
plete agreement between the two forms of the equations. Thus the claim that the elastic strain is not captured
adequately in the diﬀerential form is demonstrated. The strain volume fraction relationship from the two
forms are shown in Fig. 12. It is clear that there is a signiﬁcant diﬀerence in the results, with a mild nonlinear
trend seen in the integrated form. Also, the integrated form Eq. (10), shows a quadratic relationship between n
and . This discrepancy in the two forms of equations is further discussed in the following.0 0.02 0.04 0.06 0.08
100
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Fig. 9. Stress–strain behavior at As < T < Af: constant elastic modulus.
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Fig. 10. Stress–strain behavior at T > Af: constant elastic modulus.
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Fig. 11. Stress–strain behavior at T < As: constant martensite fraction.
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Fig. 12. Martensitic fraction-strain at T > Af.
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To facilitate comparison of the two equations (Eqs. (8) and (10)), ﬁnite diﬀerence form of each is derived
below.4.1.1. Diﬀerence form of the diﬀerential equation
From Eq. (8)Dr ¼ DDþ XDnS þHDT ð14ÞandDn ¼ on
or
Drþ on
oT
DT
Dn ¼ Dns þ DnT
D ¼ Da þ nðDm  DaÞ
) D ¼ Da þ ðn0 þ DnÞðDm  DaÞ
) D ¼ D0 þ DnðDm  DaÞFrom above expressions and using Eq. (9) in Eq. (14), the following diﬀerence form for the diﬀerential con-
stitutive equation is obtained.DrD ¼ D0Dþ DDnðDm  DaÞ  lD0Dns  lDnDnsðDm  DaÞ ð15Þ
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The integrated form of constitutive law given by Eq. (10). Following a similar approach, for incremental
increase in stress/strain/temperature the ﬁnite diﬀerence form is deduced as follows.Dr ¼ ðD0 þ DnðDm  DaÞÞð 0Þ  D00  l½ðD0 þ DnðDm  DaÞÞðnS  nS0Þ  D0nS0 þHDT
Further simpliﬁcation and rearrangement yields,DrI ¼ DnðDm  DaÞ þ D0D DnD0ðDm  DaÞ  l½DnnS0ðDm  DaÞ þ D0Dns þ DnDnSðDm  DaÞ ð16Þ4.1.3. Comparison
On comparing Eqs. (15) and (16), one can establish the following:DrI  DrD ¼ ð0  lnS0ÞðDm  DaÞDn ð17Þ
Obviously the diﬀerence between the two forms is essentially a change in the elastic strain due to change in
modulus. Evidently, this diﬀerence is absent when either the modulus is invariant (Dm = Da) or the total mar-
tensitic phase fraction n is constant during transformation (from twinned to detwinned martensite). This af-
ﬁrms that there is a need to redeﬁne the material function.
5. Compatible material functions
Keeping D as in Eq. (9), the transformation tensor is now redeﬁned to achieve consistency. From Eq. (13),
for consistency, X = X(n, ). Using a Taylor series expansion about the point (n0, 0), following correct deﬁ-
nition for X is obtained.Xðn; Þ ¼ Xðn0; 0Þ þ ðn n0Þ
oX
on

ðn0; 0Þ
þ ð 0ÞoXo

ðn0; 0Þ
ð18ÞIt may be noted that, compared to Brinson’s deﬁnition of X, the last term is the additional term. To evaluate
0, using the notion of maximum residual strain, following deﬁnition of X is obtained.Xðn; Þ ¼ lDðnÞ þ ð lnSÞðDm  DaÞ ð19Þ
It may be easily veriﬁed that the new material deﬁnition of X satisﬁes the compatibility condition, thereby
overcoming the lacuna in the Brinson’s model. The following section presents the derivation of the integrated
constitutive equation using modiﬁed material functions.
6. Validation of the material functions
By appending the above modiﬁcation in Eq. (8), following is the modiﬁed diﬀerential form of constitutive
equation:dr ¼ DðnÞd lDðnÞdnS þ ð lnSÞðDm  DaÞdnþHdT ð20Þ
Integrating the above equation and introducing K as a constant of integration, the following is obtained:rþ K ¼ Daþ nðDm  DaÞ þ !ðnÞ  l DanS þ
n2S
2
ðDm  DaÞ þ nTnSðDm  DaÞ
 
þ nS  l
n2S
2
ðDm  DaÞ
 
þ ð lnSÞðDm  DaÞnT þ vðÞ þHTRearrangement of the above equation yields:rþ K ¼ DðnÞ lDðnÞnS þ nðDm  DaÞ  lnTnSðDm  DaÞ þHT þ !ðnÞ þ vðÞ
where (n) and v() are functions due to integration. Using the procedure given by Brinson (1993), with initial
conditions, (r0,0,n0,nS0 ,nT 0 ,T0) the following solution can be obtained.
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þ lDðn0ÞnS0  0n0ðDm  DaÞ þ lnT 0nS0ðDm  DaÞ HT 0  !ðn0Þ  vð0Þ ð21ÞFurther, the unknown functions  (n) and v() are evaluated as follows.
Case I: Pure elastic loading (n = constant)
Under this condition,vðÞ  vð0Þ ¼ ½n0ðDm  DaÞ  0n0ðDm  DaÞ ð22Þ
Substituting Eq. (22) in Eq. (21) gives the following:r r0 ¼DðnÞ Dðn0Þ0  lDðnÞnS þ lDðn0ÞnS0  lnTnSðDm  DaÞ þ lnT 0nS0ðDm  DaÞ
þHðT  T 0Þ þ !ðnÞ  !ðn0Þ
ð23ÞCase II: Detwinning of partially twinned martensite (Ms < T < Af)
Loading up to complete detwinning stage, and subsequent complete unloading results in residual strain of
magnitude lnS. Under this condition Eq. (23) gives:!ðnÞ ¼ lnTnSðDm  DaÞ þ !ð0Þ ð24Þ
Substitution of Eq. (24) in Eq. (23) results in following simpliﬁcationr r0 ¼ DðnÞ Dðn0Þ0  lDðnÞnS þ lDðn0ÞnS0 þHðT  T 0Þ þ !ð0Þ  !ðn0Þ
Thus, for any arbitrary load path, the constitutive equation takes the following formr r0 ¼ DðnÞ Dðn0Þ0  lDðnÞnS þ lDðn0ÞnS0 þHðT  T 0Þ ð25Þ
It may be noted that the proposed modiﬁed material functions not only yield a compatible diﬀerential con-
stitutive equation, but also results in the same integrated constitutive equation given by Brinson (1993). The
appropriateness of the proposed material functions is further demonstrated by repeating the case studies dis-
cussed in Section 4. It is evident from Figs. 13 and 14 that all the deﬁciencies described earlier are overcome
resulting in an exact agreement between the two forms. Further, an observation of Eq. (19) indicates that there
is a quadratic dependency of strain with respect to the martensitic fraction.
7. Summary and conclusions
In the Brinson’s model for the 1-D constitutive behavior of SMAs there is incompatibility due to form of
the assumed material functions. The present study brings out the nature and the source of this discrepancy by
both numerical and mathematical analysis. Also, in order to overcome this, the transformation tensor is rede-
ﬁned. From this, a modiﬁed diﬀerential constitutive equation is derived and is validated. Further, it is shown
that this proposed modiﬁed constitutive law also results in the same integrated form as obtained by Brinson
(1993). This study can also be extended to investigate other similar phenomenological models to verify the0 0.02 0.04 0.06 0.08 0.1
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Fig. 13. Stress–strain behavior at T > Af.
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Fig. 14. Stress–strain behavior at As < T < Af.
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